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1. Introduction

In this paper, we intend to introduce a function weighted A-metric which can be named as F-b
metric. In addiml, we propose and prove theorems related to the topological properties in /-b metric
space and the fixed point theorems for an expansive mapping and the common fixed point for two
expansive mappings. The expansive mapping used is a generalized Banach expansive mapping. The
concept of function weighted b-metric is inspired from the concept of b-metric introduced by Bakhtin
in 1989 and the concept of function weighted metric introduced by Jleli and Samet in 2018.

d:-metric space was first introduced by Bakhtin in 1989 [1], then used by Czerwick in 1993 [2] in
the fixed poingptheorem for generalized contraction mappings. George in 2015 [3-5] introduced the
rectangular b-metric space which is a generalization of the b-metric space, by replacing the triangm
inequality condition with rectangular inequality. However, in 2010 Khamsi and Hussein introduced a
generalization of the h-metric space known as the s-relaxed metric space. In this definition, the triangle
inequality condition in the h-metric space is replaced by an s-metric polygon inequality [6]. In addition,
to the above authors, generalizations to the metric space have also been introduced by other authors [7-9].
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In general, the authors in proposing and proving the fixed point in the generalized metric space and
the use of the generalized contraction mappings. While the use of generalization of metric space at
fixed points for expansive mappings is not much, some of them have been done by several authors [10—
13]. Currently, the generalization of the metric space that is being developed is the F-metric space.
This space was introduced by Jleli and Samet which is also called the function weighted metric space [14].
In addition, Jleli and Samet also prove some topological properties and fixed point theorems of the
contraction mapping [15]. There have been several other authors who have used the F-metric space
for the fixed point theorem of the contraction mapping in that space [16,17]. The concept of the
contraction mapping was introduced by Banach in 1922, while the expansive mapping was introduced
by Wang in 1984 [18]. Hepyever, the use of the contractive mapping by authors is generally more
popular for determining the existencegrf a fixed point or allied fixed points than the use of the
expansive mapping for the existence of a fixed point in a generalized metric space.

To prove a function weighted metric is a function weighted b-metric, it must show that the third
condition in function weighted b-metric applies to function weighted metric. The generalization of the
third condition is important because there are several function weighted h-metrics are not metric
weighted function.

Moreover, it should be noted that the results in this paper which use the function weighted b-
metric are generalizations of the results using the function weighted metric [15]. This paper also
provides some examples of weighted metric and function weighted b-metric and some examples of
fixed point theorems of a generalized Wang [ 18] expansive mapping and common fixed points for two
mappings, and an application on dynamic programing.

2. Preliminaries

In this paper we need some definitions to be used for the results section and some required
examples.

Definition 2.1. [14] Let f: (0, +o) — R be a function, non-decreasing, f is called logarithmic-like if
it satisfies ltina f(t) = —co.

We denote F = {f:(0,+) = R | f non — decreasing, and logarithmic — like }. From this
definition, it follows that, if f € §, then for any r > 0 and K = 0, there is § > 0, so that for any 0 <

s < d,then f(5) < f(r) — K.
Some examples of functions that satisfy the logarithmic-like property are: f(x) = Inx, f(x) =
1

X —i, f(x) =x —ex,x € (0, +o0).
Definition 2.2. [14] Let X be a non-empty set, f € F, 0 < K < +00. A mapping p: X X X — [0, +0)
is called a function weighted metric (F-metric), if for any x, y € X, p satisfies the following conditions:
Al p(x,y) = 0,ifand only if x =y,
A2 p(x,y) = p(y,x),

A3.p(x,y) > 0, then f(P(x; J’)) = f(EfJfP(ap aj+1) + K,

forevery {a, = x, az, az,...,ay=y}c Xand N € N,N = 2
The pair (X, p) is called a function weighted metric space (F metric space).

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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In the following, we define a function weighted A-metric which is a generalization of the function
weighted metric, as follows:

Definition 2.3. Let X be a non-empty set, f € F, 0 < K <+co, b = 1. A mapping p: X X X =
[0, +c0) is called a finction weighted b-metric (F-b metric), if for any x,y € X, p satisfies the
following conditions:

Bl. p(x,y) =0, ifand only if x = y,

B2. p(x,y) = p(y,x),

B3. p(x,y) > 0 then

f(p(x, }’)) = f(Ef:‘f bfp(aj-, aj+1) + K,

for every
{a, =x, a,, as,...,.ay=y}cXand N EN,N = 2.

The pair (X, p) is called a function weighted b-metric space (F-b metric space).

If b = 1, then the above definition is the definition of the function weighted metric. However, the
function weighted b-metric becomes b-metric, if f(x) =Inx, K = 0,and N = 2.

The function weighted bh-metric space is not necessarily a function of the weighted metric space.

This can be shown in the following examples:
50

Example 2.1. Let X = R be a set of all real numbers. Define a function p(x, y) = |x — y|? withp =
2 and x,y € X, then p is a b-metric with b = 2P, However, p is not a function weighted metric, this
can be shown as follows.

Suppose p is a function weighted metric, it means that there is a function f € F that satisfies the
of axiom A3 of the definition of function weighted metric.

We choose t; € X and take any m € N. Define ¢; = fn—j forj=0,12,...,m—1. From the of

axiom A3, we have

< <2 26+D)
FeOD = FO JG -l + K= |~ —% )+ K
j=0 j=0
= f5 It 12f = 2G/+ DIP) + K = f(5) +K. @.1)
So, from (2.1) we get
f@ =f(p0,2) < f () + K. (22)

. . . 2P
Since f has a logarithm-like property, then we have —a 0, as m — +co and consequently

from (2.2) we have f(ﬁ) + K — —o0,as m — +oco. Which is a contradiction. So, p is not a function

weighted metric.
However, p is a function weighted b-metric. It is shown as follows:
To prove condition B3, we use a property

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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lx —ylP <277 (Jx —al” + %_ yIF).
LetN € N,N = 2,and aset {a, = x, a,, a3,..,ay =y} € X.
Then we have
ple,y)=|lx—ylP=lay—a, +a,—az +as —a, +a, — - ay_, —ayl”
< (2"‘1|al —a[P + QP '@ a; — asl? + (2P H)|a; — ad")
- +o+ 2P ay g —ay P!

N—-1

N-1
- Z @ |y — a4l = Z(Zp_l)j p(aj, aj41).
=

=1

.

So, we obtain

=

-1

plx,y) < (2r =1y p(ajlaj+l)‘

1

—.
Il

Thus, p is a function weighted b-metric withéx) =lnx,b=2P"tand K = 0.

Example 2.2. Let X = [0,1], define a function p(x,y) = |x — y|?e* ! forall x,y € X.
To prove condition B3, we ﬁe a property
2

x—v|]? <2(]x —al® + |la=y|?).
[x =yl (1 | |}’|)

LetN € N,N = 2,and aset {a, = x,4a;,a3,..,ay =y} € X.
Then we have

plx,y) = |x — y|?el*¥

=|a; —a, +a, — a; + -+ ay_, — ay|*el®~G2+az-ast-+an-1—an|
S lay — a|* + (2)*|az — as|* + = + (2)Vay -1 — ay|?elt792¥azda++an-1=anl
< (2|a1 — a2|2€|a1—ﬂz|+|az—a3+ﬂw—1—ar\r| + (2)%la, — a3|2€|a2—ﬂ3|+|a1—a2+¢3—ﬂm| 2 oo

+ @V ay , - aN|2)e|a~_1—aml+la1—ﬂw—1|

= (2|a1 _ a2|28|01—ﬂ2|+|ﬂz—ﬂnr| + (2)2|a2 — aa|28|ﬂ2—ﬂ3|+|111—ﬂ2+"'+'1N—1—ﬂN| + e

+ ()Y Yay_, — aN|2elam—ranrI+|araz+a~—ranl)

Sinc&al = X,dy,0as,...,ay =y € [0,1], then we have

p(5,y) = x = ylPe

< 2|la, — ay)?e!t%2le? 4 (2)2|a, — as|e!® 2 ®le? 4 .o 4 (2)V Y ay_, —ay|?e?
= 32(2“11 — ay|?e!®7%2l 4 (2)?|a, — ag|?e!®27 % 4+ (VM ay 4 — aN|2)

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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=2 (D52 g — ajua| el oml) = e (255 p(a), a114)) (23)

So, from (2.3) we obtain

N-1

p(y) < € thp D (e a41).

j=

So, we have

In p(x, y)<2+an(2p 1Y p(ay, ajus).

Thus, p is a function weighted b-metric with the function f(x) =Inx, b =2P ' and K = 2.

Example 2.3. Let X = [1,2], define the function

m {} xX=y
plx,y) = {
' elx=yl xX+Ey

forallx,y € X.
For conditions B1 and B2, it is clearly satisfied. To prove condition B3, choose a function f(t) =
1
t—-foranyt € (0,+w),then f € F.
Lforany ¢ € (0, +9), then f
Let (a,) be any finite sequence in X = [1,2], where (ay,ay) = (x,¥) for all x,y € X, and
p(x,¥) > 0,forn =1,2,3,...,N. So, we have

e+1+f ;bp( aj1) | = f(pCey))

(@) = 5
—e+1+pr ,a _ -plx,y) +———
41 11 bfp(aj, aj+1) plx,»)
et d e g belranl gy L 24
¢ 2js Ve N2 plelyapsal ¢ < 24
Since b = 1 and x,y € [1,2], then from (2.4) we obtain
e+ 1+f( Y bp(a,a) |- F(o(y)
j=1
>e+1-— : —elYlser1-1-e=0. (2.5)

e lwe|“}‘“J+l|

So, from (2.5) we get

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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N-1
flex, M) <f Z bp(a,a,,) |+e+1.
Jj=1

Thus, p is a function weighted b-metric with b = 1, f(t) =t — %, t>0,andK =e+1.

Definition 2.4. [13,19] Let X be non-empty set and Ty, T,: X — X are functions that satisfy: If y =
Tyx = T,x for an x € X, then x is called a coincidence point of Ty, T5, and y is called a point of
coincidence of T} and T.

Definition 2.5. [13, 19] Let X be non-empty set and Ty, T,: X — X be a function that satisfy: for every
x € X,if Tyx = T,x, then T, T, x = T, T,x, {T}, T, } is called a weakly compatible.

Definition 2.6. Let (X, p) be a function weighted h-metric space (F-b metric) and {a, } be a sequence
in X.

a. {an}is said to converge (F-b convergent) to a € X,if p(ay,a) = 0,as n — +co.

b. {a,}is said a Cauchy sequence (F-b Cauchy) in X, if p(a,, a,,) — 0,as n,m — +oo.

(X, p) is said a complete, if for every Cauchy sequence in F-b metric space is F-b convergent in
X

Definition 2.7. Let (X, p) be a function weighted h-metric (F-b metric) and p € X, then N,(p) =
{x e X | p(x, p) < @s called an F-b open neighborhood of p.
G < Xgfj called F-b open in X, if for any y € G, there is N.(y), such that N.(y) € G. Let K c X,

it K is F-b open in X, then K¢ is called F-b daﬁd in X.
25

Preposition 2.1. Let T be a collection of all F-b open sets in X, then T is topology F-b topology on X.
3. Results

In this section, we present sornarepositions about the properties of the function weighted b-
metric space (/-b-metric space) and some theorems about fixed points and common fixed points for
generalized expansive mapping.

Preposition 3.1. Let (f, K) € F X [0,4+), (X, p) be a function weighted b-%m’e space and {a,} be
a sequence in X.

If p(a,,a) = 0, as n — o, then for any G open in X containing a, there is a positive integer N,
such that foranyn = N, then a, € G.

Proof. Since a € G and G open in F-b metric space X, then there is a open neighborhood N,.(a) such
that N,.(a) < G. Since p(a,,a) — 0, as n — oo, then there is a positive integer N, such that for any

1
> —
n = N, we have p(a,, a) < e

Let N 1 (a,) be an open neighborhood of a,, in X. We will show that N 1 (a,) © N,.(a). Taking
znb

nb

any x € N 1 (a,), x # a, we have p(x, a) > 0, then by using of axiom B3, we obtain
2nb

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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f(p(x, a)) <f (b(p(x, a,) + p(a,, a))) + K

1 1 1
sf(b(m+m))+f(=f(;)+f(. (3.1)
Since f € F and r > 0, then there is ¢ > 0 such that for any 0 < t < ¢ the following holds

f(8) < f) = K.

- R 1
For the next, we choose a positive integer N, such that for any n > N, - < o, then we get

f(ﬁ)(-f(r)—K- (3.2)

So, we get

flple @) < F@.

Since f is non-decreasing, we obtain p(x, a) < r. This means that x € N,.(a). So, we get that

N1 (a,) cN.(a)c G

2nb

forany n = N. So it is proved that for any n = N, then a,, € G.
Preposition 3.2. Let (f,K) € F X [0,+) and (X, p) be a function weighted b-metric space (F-b
metric space). Supose (a,) is a sequence in X which satisfies:
p(ay, ayyy) < 5p(n-y, @), (33)
where 0 < c < 1.
Then (ay,) is Cauchy sequence in F-b metric space X.

Proof. By using iteration, it can be obtained

ot
pla,, a,) < ﬁp(am a,).

So, we have

b"p(ay,, ans1) < c™p(ag, aq). (34)

Let m > n, then from (3.4) we get
. . n
Eiinﬂ b'p(a; aiy) < Z?lnﬂ c'plag, ay) < ip(am ay). (3.5)

Since 0 < ¢ < 1, then from (3.5), if n = +co, then ;Tncp(ao, a,) = 0.

This means, that for any y > 0, there is N € N such that for any n = N we have

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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0 <-—plag,a) <y. (3.6)

Since (f,K) € F x [0, +0), so f is non-decreasing and logarithmic-like function. So, for every £ >
0 there exists y > 0 such that for any s € (0,y), we have f(s) < f(e) — K.
Therefore, from (3.5) and (3.6), and for m > n = N, we have

eht

f(Shniabp(a a)) < f (Zp(a0,a) < (&) — K. 67)
By using of axiom B3, and (3.7) we obtain

p(@an @) > 0 then f(p(an, @) < f( ). bip(ay @) +K < f(e)

i=n+1

Since f is a non-decreasing, then p(an, a,) < € for any m > n = N. It shows that (a,) is a Cauchy
sequence in F-b metric space X.

Preposition 3.3. Suppose (f,K) € F x [0, +0) and let (X, p) be a complete function weighted b-
metric space.
If (ay) is a convergent sequence in F-b metric space X, then the limit of (a,,) is unique.

Proof. Suppose lirJP pla, a’) =0, lirP play,s*) =0,and a” # s".
n—4oo n—+co
Since p(a*, s*) > 0, then from of axiom B3, we have

flp(@,s9) = £ (b(p(a’, an) + p(an,s7)) + K. (3.8)

Since nliTmp(a“’ a*) =0and nlle play, s*) = 0, then we have

b(p(a‘, a,) + p(ay, S*)) — 0,asn - +oo,
Then from (3.8) and by using the logarithmic-like property of f, we get
r{im f(cp(a®,a,) + bp(a,,s*)) + K = —o,

which is a contradiction.

Preposition 3.4. Suppose (f,K) € F x [0, +0) and let (X, p) be a function VvgZihted b-metric space.
If (a,) < X is a convergence sequence in F-b metric space X, then (a,,) is a Cauchy sequence in
F-b metric space X.

Proof. Let € > 0, (a,) < X be a sequence converges to a € X. It means
nllTwp(a“’ a) =0 and mllTwp(am ,a) = 0. (3.9)

Since (f, K) € F x [0, +00), this means that f is a non-decreasing function and has a logarithmic-like

AIMS Mathematics Volume B, Issue 4, 8274-8293,




property. It implies there is ¥ > 0 such that for any s € (0,y) we have f(s) < f(g) — K.
From (3.9), we can choose a non-negative integer N, such that forany n,m = N,

b(p (an, @) + p(an, a)) <Y,
and holds

7 (b(p(an @) + play, @)) < f(e) - K. (3.10)

Let n,m > N, and p(a,, a,,) > 0, then by using of axiom B3 and (3.10), we have

f(p(anan)) < f (b(pan @) + pla,a)) + K < f(e).

Since f non-decreasing, then we get p(a,, a) < €. Thus, (a,) is a Cauchy sequence in F-b metric
space X.

Preposition 3.5. Suppose (f,K) € F X [0, +) and let (X, p) be a function weighted b-metric space.
Let T be a topology on X.
A < X is closed (A° € 1) if and only if for any sequence (a,) € A converges to a, then a € A.

Proof. Let A C X be a closed set and (a,,) € A be a sequence that converges to a.
Suppose a & A, since A° is open in X, it means there is a neighborhood of a, namely,

N.(a) ={xe X | plax)<r}

such that N, () N A = @.

Since (a,) < A and converges to a, there is a non-negative integer N such that for any n = N,
then a,, € N, (a). A contradiction with N (a) N A = @.

Converse, let p € A°, we will prove that there exists a N,.(p), such that N,(p) N A = 0.

Suppose for any open neighborhood N, (p), N-(p) N A # @.Letbe taken n > 1 and chosen b,, €
Ni(p) N A. So, we can get a sequence (b,) € A that converges to p, where p € A. It is a

contradiction, because for any sequence (a,) € A converges to a, thena € A. @
42
Theorem 3.1. Suppose (f,K) € F X [0, +0) and let (X, p) be a complete function weighted b-metric

space. Let @: X — X be a continuous mapping that satisfies:
p(e(x), )
= pp(y,0)) + apx,y) —1p(x.0()

+sp(p(0),y) —t (p(y, e()p(p(x),y) )E (3.11)

forallx,y € X, whereq,t >0,0<1+r <p+gq, andp,s > 1. Then ¢ has a unique fixed point
in X.

Proof. Let ay € X, and define a sequence (a,) <X as follows:

a, = ¢(a,_,).

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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From (3.11) we have
p(an, anyr) = p(@(a,_1), ¢(a,))

pp(an, any1) + qplan-1,an) —rp(an-1,a,)
> 1
+5p(ay, @) = t (p(an 9(@2))p(@(@r-1), 8,) )

(PP (@ @niq) + gpla,_y, a,) —rpla,_y, an))
= :
+sp(an, a,) — f(P (an, an1)p(ay, am))Z

= (pp(am Ani1) + qp(an-1, an) —rp(am_y, an))

= (Pﬂ(am Ans1) + qp (an-1, an)) - Tp(an— L an))- (3.12)

From (3.12) we can get

(r—q)
-1

pla, a,,1) < pla,_y, a,) = Bpla,_y,a,).

Where f = %, and since 0 < % <1, we get

lim p(a,, ayq1) =0. (3.13)

n—+oo

By using Preposition 3.2, we get (a,,) is a Cauchy sequence in F-b metric space X.
Since (X, p) is complete then there is a* € X (a* is unique, Preposition 3.3) such that

lim p(a,,a") =0. (3.14)
n—+oo

Next, we show that a” is a fixed point of ¢.
Suppose @(a*) # a”, it means p(g@(a*),a”) > 0, by using of axiom B3, then we have

Flpp@),a)) < £ (b (plo (@), p@)) + plp(a,).a”)) + K.
Since ¢ is a continuous mapping and (a,,) converges to a*, then we have
b(p(9(a), 9(a) + p(anss,a?)) > 0,as 1 > +oo.

By using the logarithmic-like property of f, we get

Jim £ (b (p(0(@), @) + plans,a)) ) + K = —eo.
26
Which is a contradiction. Thus a* is a fixed point of ¢. Now, we show the uniqueness of the fixed

point of ¢.

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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Suppose a* and s* are the fixed point of @ and a* # s*. From (3.11) we have

plani1,5M) = plelay), o(sM)))

1
> (pp(s*.co(s*)) +ap(an,s”) = rp(an 9(an)) + sp(e(ay),s’) —t (p(s'.ao(s*))p(qo(am).s*))z)

= (pp(s*,s™) + qﬂ(an.aJ — (A, Gniy1) +5p(@ns1,5") — tp(s*,5)p(@ns1,57))
= —rp(ay, @ns1) +5p(ans1,57) — tp(s", s")p(ans1, s7)
= —1p(ay, Apy1) +5p(An41,5")

So, we get

p(@(a), @(5))) = Py, 57)) < Llenints), (3.15)

5-1

Since p(a*,s*) > 0, by using of axiom B3, and using (3.15) we get

Flpa,s9) < £ (b (p(a, 0(a) + p(o(an),s9)) + K

5-1

<f (b (p(a’,anss) + M)) +K. (3.16)
Since s > 1, from (3.13) and (3.14) we have

rplan—q.an)

p— )—)U,asn—) +co.

b (P(a*; A1) +

By using logarithmic-like property of f we get

* Tp(amanJrl)
f(b (p(a VA1) T)) - —c0.

Which is a contradiction with (3.16).
Example 3.1, Let X = [0, %], and define p(x,y) = (x — ¥)?, for all x,y € X.

From Example 2.1, p is a function weighted b-metric, with b =2, f(0) =In6, 6 €
(0,+),and K = 0.

Define a function ¢ (x) =, for every x € X = [0, %], and choosep =3, q = ﬁ,r =1, s=3,
t =8.
Sowehaveq,t >0, 0<1+r <p+gq andp,s > 1. So, from (3.11) we show that

s
1 =
3p(3 0 ) + 7P (1Y)~ p(%, 9(0)) + 3p(0(0),) = 8(p(x. 9 )l @M < P9 (), 2 D).

Fromx,y € [0,9\% get

AIMS Mathematics Volume B, Issue 4, 8274-8293,
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1
1 -
3p(y, 9 W) + £ 06y) —p(x,0()) +3p(p(x),7) - 8 (p(x. 0o (0 @), ) )
y? 2 4 2 %2 2 2 x2
— 2
-3( ‘7) LT ’“7) +3(7‘ ) —817 - |T |

2

2\2 2 LT 2 2 2
23] (53] - R)(E)-(53)
2

y
— ol =
|2 Nz ™7
z 2 Z 2\ 2 2 2
h% EY 1 ; b x
< —_—— — —_—— JR— —_— — — — p— —_—— —_——
=k (2 y) (2 )) TG (x 2) 213 2 |
2 yz 2 1 2 yz 2 a2 yz 2
=|——— —_ — )2 -_= = - - - —_— — ——
(2 2) e y)+2(2 2) ( 2) 2772 |
R 1
Since x,y € [0, E]‘ then we have
x2 2 yz yZ
oz E-v b -E=%
So we get
2y 2 2 232 2\ 2 2 2
LY ) (= )2 VY (o) o
(2 2) AR +2(2 2) (x 2) 217 7z y|
x? z ?2 2 x2\ 2| x?
<|l=—v ) +=G—-»!+2|=—v*) —|x—=) =2|ly—-=||=—-¥?
=\z2 77 16 2 2 2||2

< p(e@), o).

. 4
Since y € [U, %], we have iyz —% < 0,so0 we get
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.

(3,0(% o(y)+ TeP ) - p(x () + 3p(p(x),y) — 8p(x, fp(y))p(fp(x),y))
X2 y? 2 ex2 1 yt
5(—‘?) IS Ay

IA

x2 yz 2
(3 = 7) < p(e@), o).

2 2n
From a, = ¢(a,_,) = (ang;‘), we geta, = (;‘]T)_l Since a, € [0,%], then we get a, = 0, asn —
oo
So, it’s clear x = 0 is a fixed point of ¢.

Theorem 3.2. Suppose (f,K) € F x [0, +@) and let (X, p) be a complete function weighted b-metric
space. Let u,v : X = X be self-mappings such thatu(X) € v(X) and v(X) closed, which satisfy as

Sfollows:
p(v(0),v(») = ap(v(y),u®) + yp(ulx), v(x)) + sp(u), v(y))
+0p (), u)) + 0p(u(), v()p(u), v)), (3.17)

forallx,y € X, where a,y,w,80 > 0,6 + w > lamd a+y+w>1
If {u, v} is weak compatible, then u, v have a unique common fixed point in X .

Proof. Let x, € X, since u(X) i v(X), we define a sequence {a,} and {b,} in X, such that
n =u(a,—,) =v(a,), forn =12,
From (3.17) we have
p(bn-1,by) = p(v(an-1)v(as))
> ap(v(an), Wa,)) + yp(ulan_p),v(@n-1)) + 8p(ulan-1), v(a,))
+wp(1éan_1), u(ay)) + 8y p(uan-1), v(an-1))p(ulan-,), v(a,))
2 ap(by, bus1) +vp by, by—s) + 6p(bn, by)
Fopygbai) + 8(p(bn, bn-1)p(by, bn))
= ap(bn, bpir) +vp (byy by—1) + 0p(by, by ).

So we get
(1-y)
p(bnbnis) < 7 p (b byos). (3.18)
Sincea+y + w > 1, we have 0 < % < 1,so0 from (3.18), we get
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nl_l’TmP(bm bni1) = 0.

So, we get that (b,,) is a Cauchy sequence in F-b metric space X.
Since (X, p) is complete then there is b* € X, such that

Jim p(by, b7) = 0.

Since v(X) is closed, then b* € v(X). It implies, there exists a* € X such that b* = v(a*).
We will show that u(a*) = v(a*).
From (3.17) we have

p(v(@"),v(ay)
> ap(v(an) ulan) +yp(ula), v(a") + 8p(ul@), viay))
+wp(u(a),u(ay)) + 6 (p(u(a), v(@))p(u@”), v(a,)))

> ap(v(an),u(an)) + wp(u(a*),u(an)).

So, we get

p(u(@),ulay) <= (p(v(a?), v(ay)) - ap(v(an),ula,)))

Suppose u(a*) # v(a*), then p(u(a*),v(a*)) > 0.
By using of B3,we can get

f (p(u(a), v(@)))
< £ (bp(u(a), u(a) + b*p(u(ay), v(ay)) + b*p(v(ay), v(a")).

By using (3.21) and (3.22) then we have
f (p(u(a), v(@))
b . ,
<f (; (p(v(a"). v(ay) — ap(vlan),ul@y)) + b*p(u(@n), v(a,)) + b2p(v(a,), v(a*)))
b . .
=f (; (P(b*’ b,) — ‘Ip(bm bn+1)) + bzp(brﬁl; b,) + bzp(bm b*)) + K.
By using (3.19) and (3.20), the we get
%(p(b*: bn) — ap(by, bn+1)) + bzp(bn+1: by) + bzp(bm b*) = 0,asn — +co.

So, by applying of the logarithmic-like property of f, then we obtain

(3.19)

(3.20)

(3.21)

(3.22)

+K
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b . .
f (; (,O(b*, b,) — ap(by, bn+1)) + b?p (b1, by) + b*p(by, b*)) + K — —oo.

Which is a contradiction. Thus we have u(a*) = v(a*) = b*.
Since {u, v} is weakly compatible, then we have vu(a*) = uv(a*), so we have v(b*) = u(b*).

pw(b),b") = p(v(b"),v(a")

> ap(v(a*),u(a*)) + 'yp(u(b*),v(b*)) + Sp(u(b*),v(a‘))
+wp(u(b“),u(a’“)) +4 (p(u(b*), v(b*))p(u(b*),v(a‘)))

=ap (b, b") +yp(v(b"),v(b) + 8p(v(b"),b") + wp(v(b*),b")
+6 (p(u), (b)) pw(b*), b))
= 8p(v(b*), b*) + wp(v(b*), b*).
So, we get
p(w(b*),b*) = (8 + w)p(v(b*), b").

Since § + w > 1, it implies p(v(b*),b") g 0. Thus v(b*) = b".
Since v(b*) = u(b*), then we have b* is a common fixed point of u and v. Next, we show that
uand v have a unique com@fjn fixed point.

Suppose c¢* is another common ﬁxedéoint of u and v. From (3.17), then we have

p(b",c?) = p(v(b), (")
= ap(v(e),u(c?)) +yp(u(b*),v(b*)) + 5p(u(b?),v(c))
+wp(6(b*),u(c*)) +8 (p(v(e)ule))p(u®d"), v(c"))
> ap(c,c) +yp(b*,b") + 8p(b*,c*) + wp(b*,c*) + 6(p(b", b*)p(b*,c"))
= 8p(b*, ") + wp(b*,c*) = (6 + w)p(b*, ).

Since § + w > 1, it implies p(b*,c¢*) = 0. Thus ¢* = b*.
Example 3.2. Let X = [0, %], and define p(x,y) = (x — y)?, forall x,y € X.
From Example 2.1, p is a function weighted h-metric, with b = 2, f(s) = Ins, s € (0, +o0), and
K=0. (6| 6|
2 2
Define the functions u(x) = x: and v(x) = xj for every x € X = [0, %] so we have u(X) c

v(X) and v(X) = [0,%] is closed. Let a:i,ﬁ =%,y=i,w=

= L

, and 6 =§. These parameters
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satisfy §+w > 1, anda +y + w > 1.

From (3.17) and forallx,y € [{}, %], we have

2 42 2 2 2 2 2 2 ZPz 2 .2
¥y x* x x* y x* y x* x x* y
ap(z.4)+Vp(4.2)+5p(4.2)+wp(4.4)+9(p(4.2)p(4.2))

,

Il
N
—_——
Skt

I
N

+
ool =

I
Sis
TN

|
o[

Il
—_— s
—
[
|
(i,
Mo~
+
@l
—~
N|HN
|
[,
—— e’ S~
+
N
5 Y
N|HN

| %,
|
N[5
—~——
|
| w
—_—

2 2
From b, = u(a,_,) = v(a,), where u(x) = xT and v(x) = x?, then we get

(a _ )2 a 2
b, = u(a,—1) = n41 =v(a,) = ZL

(bp)2"

Sowegeth, = pru=s Since b, € [0, %], then we obtain b,, = 0,as n = +oo. It’sclear that x = 0 is a

common fixed point of u and v.
4. An application in dynamic programing

In this section, an application of the main results related to Theorem 3.2 on dynamic programming
is presented, which is to find the common solution of two functional equations.

A dynamic programming system involves having two spaces as its main components, namely the
decision space (DS) and the state space (SS). The decision space is a collection of possible solutions
of the problem that can occur, and the state space is a collection of states, initial states, state actions
and state transitions.

Let U and V the DS and SS, respectively. We assume a problem of dynamic programming
formulated in the form of functional equations as follows:

8]

K(t) = min {otw) + £ (Lv.K(y&w))} fort € U. (4.1)
3]

L(®) = min [Q &) +f (Lu L(r(, v)))}, fort € U. (4.2)
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Where A and B are Banach spaces such that ' € 4, V € B and
y:UXV -=U,
Q:UXV > R,
fUXV XR->R.

Assume that the decision spaces and state spaces are U and V, respectively. We show that the functional
equations (4.1) and (4.2) has a unique common solution.
Let Z (U) be a set of all bounded real-valued mappings on U. For all g € Z(U), define

lgll = rggglg(u)l-

Then (Z(U), |l. 1) is a Banach space.
Defined a function p: Z(U) x Z(U) — R* as follows:

plg, h) = maxlg(w) — h(w)

Based on Example 2.1, p is a complete function weighted b-metric in Z (U).
Let the following conditions hold:
Cl1:Q agg f are bounded.
C2: Foru € U and g, h € Z(U) define functions

$:Z(U) > Z(U) by

9]
$g(w) = min{Q(w,v) + f(w v, g(y @ v))},

Sh(w) = min{Q(w,v) + f(u,v, h(y (&, v))},

and there exists a function T:Z(U) » Z(U) such that Tg € Sg and if Tg(u) = Sg(u) then
STg(u) =TSg(w).
It is clear thgyyS is well-defined, since Q, f are bounded. {S, T} is weakly compatible.
C3:For(u,v) eUxV,gh EZ%) and x € U, we write

If (w,v, g(0) = f(w, v, R()I? = M(g, ),
where
M(g,h) = p(Sg,Sh)
> ap(Sh,Th) + yp(Tg,Sh) + 6p(Tg, Sh)
+wp(Tyg,Th) + 0p(Tg, S)p(Tg,Sh),
forallg,h € Z(U),here a,y, 0,0 > 0,6 + w > 1, anda+y + w > 1.

Theorem 4.1. If the conditions (Cl1)y-(C3) hold, then Eqs (4.1) and (4.2) have a unique common
bounded solution.
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Proof. Suppose € > 0 and g, h € Z(U). Take u € U and v,, v, € V such that
Fuv) + f(uw,v,9(r(wv,)) <Sg +e. (4.3)
F(u,v2)+f(u,v,h(}f(u, 172)) < Sh+e. (4.4)
And
F(u,v,) +f(u,v2,g(’y(u, Vz)) =5g. (4.5)
F(u,vy) + f(u, v, h(y(u,v,)) = Sh. (4.6)

Then, using (4.3) and (4.6), we get

fav, gy vy) — f v, h(y(wv,)) < Sgu) — Sh(u) + € < |Sg(u) — Sh(w)| + €. (4.7)

Similarly, by (4.4) and (4.5), we get
vy, h(y(wvy)) — F(w,v,, g(y(w,v,)) < Sh(u) — Sg(u) + € < |Sg(u) — Sh(w)| + €.(4.8)

From (4.7) and (4.8) we have
\fitw v, g(y(wv2)) = fw, v, h(y(u,v)| < ISg(w) — Shw)| + €.

So we have

0] ,
|f(u, v,g('y(u, 1,7)) —f(u,v,h(y(u, 1,7))|g
< |Sg(u) — Sh(w)|? + €.

Thus for all € > 0, we get

:
|f(u,v,g(y(u, v)) - flu,v, h(y(u, v))| < d(Sg,Sh).

Using C3, we have

.
M(g,h) < |f(u, v,g('y(u,v)) - f(u, v,h(’y(u,v))|z < d(Sg, Sh).

So, we have
d(Sg,5h) = ap(Sh,Th) +yp(Tg,Sh) + 8p(Tg,Sh) + wp(Tg,Th) + 6p(T g, Sh)p(Tg,Sh).

Therefore, based on Theorem 3.2, then the functional equation on (4.1) and (4.2) have a unique
common solution.
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5. Conclusions

In this paper, we have revealed that the function weighted b-metric is a generalization of the
function weighted metric. Some topological properties of the space of the function weighted b-metric
related to open sets, closed sets, convergent sequences, the uniqueness of the limit of the sequences
and the metrizable properties of the function weighted b-metric are also given. Furthermore, the results
regarding the fixed point of an expansive mapping and its corresponding fixed point for two mappings
are also revealed. Some examples to clarify the theorem are given. An application of the common fixed
point theorem to dynamic programming is also provided.

Acknowledgments

The author is very grateful to the anonymous referee and our colleagues who have provided very
useful comments for completing this paper. This work is financially supported by the PDU Research
Project 2022, Hasanuddin University, Indonesia, No. 1474/UN .22 2/PT01/2022.

Conflict of interest
The authors declare that there are no conflicts of interest.
References

1. 1. A. Bakhtin, The contraction mapping principle in quasi- metric spaces, Funct. Anal., 30 (1989),
26-37.

2. S.Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inf. Univ. Ostrav., 1 (1993), 5—
1.

3. R. George, S. Radenovi¢, K. P. Reshma, S. Shukla, Rectangular b-metric space and contraction
principles, J. Nonlinear Sci. Appl., 8 (2015), 1005-1013. https://doi.org/10.22436/jnsa.008.06.11

4. R. George, A. Belhenniche, S. Benahmed, Z. D. Mitrovié, N. Mlaiki, L. Guran, On an open
question in controlled rectangular b-metric spaces, Mathematics, 8 (2020), 2239.
https://doi.org/10.3390/math8122239

5. A. Belhenniche, L. Guran, S. Benahmed, F. L. Pereira, Solving nonlinear and dynamic
programming equations on extended b-metric spaces with the fixed-point technique, Fixved Point
Theory Algorithms Sci. Eng., 2022 (2022), 24. https://doi.org/10.1186/513663-022-00736-5

6. M. A. Khamsi, Remarks on cone metric spaces and fixed point theorems of contractive mappings,
Fixed Point Theory Appl., 2010 (2010), 315398. https://doi.org/10.1155/2010/315398

7. A. Branciari, A fixed point theorem of Banach-Caccippoli type on a class of generalized metric
spaces, Publ. Math. Debrecen, 57 (2000), 31-37. https://doi.org/10.5486/PMD.2000.2133

8. R. Fagin, R. Kumar, D. Sivakumar, Comparing top k lists, SIAM J. Discrete Math., 17 (2003),
134-160. https://doi.org/10.1137/S0895480102412856

9. Z.Mustafa, B. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex Anal., 7
(2006), 289-297.

10. X. Huang, C. Zhu, X. Wen, Fixed point theorems for expanding mappings in cone metric spaces,
Math. Rep., 14 (2012), 141-148.

AIMS Mathematics Volume B, Issue 4, 8274-8293,




8203

11

12.

13.

14.

15.

16.

17.

18.

19.

2

. C. Chen, C. Zhu, Fixed point theorems for times reasonable expansive mapping, Fixed Point
Theory Appl., 2008 (2008), 302617. https://doi.org/10.1155/2008/302617

M. Akkouchi, A common fixed point theorem for expansive mappings under strict implicit
conditions on b-metric spaces, Acta Univ. Palacki. Olomuc., Fac. Rerum Nat. Math., 50 (2011),
5-15.

J. Rashmi, R. D. Daheriya, M. Ughade, Fixed point, coincidence point and common fixed point
theorems under various expansive conditions in b-metric spaces, Int. J. Sci. Innovative Math. Res.,
3 (2015), 26-34.

M. Jleli, B. Samet, On a new generalization of metric spaces, J. Fixed Point Theory Appl., 20
(2018), 128. https://doi.org/10.1007/s11784-018-0606-6

M. Jleli, B. Samet, A generalized metric space and related fixed point theorems, Fixed Point
Theory Algorithm Sci. Eng., 2015 (2015), 61. https://doi.org/10.1186/s13663-015-0312-7

A. Hussain, H. Al-Sulami, H. Hussain, H. Farooq, Newly fixed disc results using advanced
contractions on F-metric space, J. Appl. Anal. Comput., 10 (2020), 2313-2322.
https://doi.org/10.11948/20190197

H. Isik, N. Hussain, A. R. Khan, Endpoint results for weakly contractive mappings in F-metric
spaces with an application, [nt. J. Nonlinear Anal. Appl., 11 (2020), 351-36l.
https://doi.org/10.22075/ijnaa.2020.20368.2148

S. Z. Wang, B. Y. Li, Z. M. Gao, K. Iseki, Some fixed point theorems on expansion mappings,
Math. Jpn., 29 (1984), 631-636.

M. Abbas, B. E. Rhoades, Common fixed point theorems for occasionally weakly compatible
mappings satisfying a generalized contractive condition, Math. Commun., 13 (2008), 295-301.

E © 2023 the Author(s), licensee AIMS Press. This is an open access
vis AIMS Press  article distributed under the terms of the Creative Commons
1 Attribution License (http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume B, Issue 4, 8274-8293,




Some results in function weighted b-metric spaces

ORIGINALITY REPORT

18 11« 12+ 6

SIMILARITY INDEX INTERNET SOURCES PUBLICATIONS STUDENT PAPERS

PRIMARY SOURCES

.

www.pokemontrash.com

Internet Source

2%

o

pdfcookie.com

Internet Source

(K

e

Submitted to UC, Boulder

Student Paper

T

-~

Prakash Narayan, Himanshu Tyagi.
"Multiterminal Secrecy by Public Discussion",
Foundations and Trends® in Communications
and Information Theory, 2016

Publication

T

o

Submitted to Dhirubhai Ambani International

School
Student Paper

(K

surface.syr.edu

Internet Source

T

=

Mahpeyker Oztirk, Abdurrahman Buyukkaya.
" Fixed point results for Suzuki - type Z -
contractions via simulation functions in

(K



modular - metric spaces ", Mathematical
Methods in the Applied Sciences, 2021

Publication

cirrus.ou.edu

Internet Source

(K

WWWw-ee.engr.ccny.cuny.edu

Internet Source

T

Submitted to Indian Institute of Engineering <1 o
Science and Technology ’
Student Paper
Submitted to University of Leeds

Student Paper y <1 %

Guan, Y.. "Characterization of compactly <1 o
supported refinable splines whose shifts form ’
a Riesz basis", Journal of Approximation
Theory, 200504
Publication
ftp.uol.com.br

IntgnetSource <1 %
WWW.SEeC.goV

InternetSourceg <1 %
www.physikmethoden.de 1

Internet SEurc)e{ < %
www.semanticscholar.or ‘

Internet Source g < %




studyres.com
InternetySource <1 0/0
www.notesale.co.uk
Internet Source <1 %
Julien M. Hendrickx, Michael G. Rabbat. <1
n HE H . . %
Stability of Decentralized Gradient Descent in
Open Multi-Agent Systems", 2020 59th IEEE
Conference on Decision and Control (CDC),
2020
Publication
Submitted to Pacific Universit
Student Paper y <1 %
Geng-Lei Li. "Isometries on Products of <1 o
Composition and Integral Operators on Bloch ’
Type Space", Journal of Inequalities and
Applications, 2010
Publication
idoc.pub
InternetEource <1 %
www.mayfeb.com
InternetSourcey <1 %
www.hindawi.com
Internet Source <1 %
Arafa A Nasef. "On b-locally closed sets and <1 o

related topics", Chaos, Solitons & Fractals,
2001



Publication

Submitted to Universidad Nacional de <1
. %
Colombia
Student Paper
t.scribd.com
IFr?ternetSource <1 %
Song, G.. "New common fixed point theorems <1 o
for maps on cone metric spaces", Applied ’
Mathematics Letters, 201009
Publication
file.scirp.or
Internet Souge g <1 %
WWW.guitarmasta.net
InternetS%urce <1 %
de.slideshare.net
Internet Source <1 %
Submitted to (school name not available)
Student Paper <1 %
Zhiwen Pan, Lothar Wondraczek. "Light <1
. . %
extraction from fundamental modes in
modulated waveguides for homogeneous
side-emission", Scientific Reports, 2018
Publication
mlsd2020.ipu.ru
Internet Source p <1 %




Submitted to University of Bath

Student Paper y <1 %

Abdullah Shoaib, Kheeba Khalig. "Fixed-point <1 o
results for generalized contraction in K- °
sequentially complete ordered dislocated
fuzzy quasimetric spaces", Fixed Point Theory
and Algorithms for Sciences and Engineering,
2022
Publication
www.emis.de

37 Internet Source <1 %
www.jlab.or

InternetSJource g <1 %
Allerton. "Visual Systems", Principles of Flight <1 o
Simulation Allerton/Principles of Flight ’
Simulation, 10/09/2009
Publication

DANIEL A. NICKS, DAVID J. SIXSMITH. <1 o
"Periodic domains of quasiregular maps", ’
Ergodic Theory and Dynamical Systems, 2017
Publication

J. Antolin. "Maximume-entropy analysis of <1 o

0

momentum densities in diatomic molecules",
International Journal of Quantum Chemistry,
1997

Publication




42 Roberto Monti. "Rearrangements in Metric <1 y
Spaces and in the Heisenberg Group", The ’
Journal of Geometric Analysis, 2013
Publication
dokodoc.com

Internet Source <1 %
es.scribd.com

Internet Source <1 %
ir.cwi.nl

Internet Source <1 %

eople.math.carleton.ca

ﬁterneFt)Source <1 %
rajdhanicollege.ac.in

IntélrnetSource g <1 %
www.rgnpublications.com

Internet So%rcep <1 %

A. Amini-Harandi. "Coincidence Point, Best <1 o
Approximation, and Best Proximity Theorems ’
for Condensing Set-Valued Maps in
Hyperconvex Metric Spaces", Fixed Point
Theory and Applications, 2008
Publication

Banakh, T.. "Characterizing metric spaces <1 o

whose hyperspaces are absolute
neighborhood retracts", Topology and its
Applications, 20070515



Publication

Daniella Bar-Lev, Tuvi Etzion, Eitan Yaakobi. <1 y
"On the Size of Balls and Anticodes of Small ’
Diameter under the Fixed-Length Levenshtein
Metric", IEEE Transactions on Information
Theory, 2022
Publication

M. De la Sen. "Total Stability Properties Based <1 o
on Fixed Point Theory for a Class of Hybrid
Dynamic Systems", Fixed Point Theory and
Applications, 2009
Publication

S. P. Bans. "The Lie algebra ofa Qonlinear <1 o
dynamical system and its application to
control", International Journal of Systems
Science, 2/1/2001
Publication

SUDIP KUMAR PAL, MANOJIT MAITY. "A Fixed <1 o
Point on Generalised Cone Metric Spaces”, ’
Kyungpook mathematical journal, 2015
Publication

Sehie .Park. ”Application; of I\/Ii.chael's <1 o
selection theorems to fixed point theory",

Topology and its Applications, 2008
Publication
] Stevo Stevic. "Weighted Composition <1 o

Operators from Logarithmic Bloch-Type



Spaces to Bloch-Type Spaces", Journal of
Inequalities and Applications, 2009

Publication

Takayuki Kubo, Kazuhiro Yubai, Alireza Karimi, <1 o
Daisuke Yashiro, Junji Hirai. "Fixed-order SISO ’
controller design for He loop shaping method
using frequency responses", 2015 IEEE
International Conference on Industrial
Technology (ICIT), 2015
Publication
dergipark.org.tr

Intern§t£)urce g <1 %
math.unice.fr

Internet Source <1 %

dffox.com

m IEternetSource <1 %

"Decision Theory and Social Ethics", Springer <1 o
Science and Business Media LLC, 1978 ’
Publication
Ali Mansouri, Shahram Rezapour, Mehdi

L : . <l%
Shabibi. "On the existence of solutions for a
multi-singular pointwise defined fractional
system", Advances in Difference Equations,

2020
Publication
Mary Beth Ruskai, Elisabeth Werner. " Study <1 o

of a Class of Regularizations of 1/| | Using



Gaussian Integrals ", SIAM Journal on
Mathematical Analysis, 2000

Publication

Mudasir Younis, Deepak Singh, Ishak Altun, <1 o
Varsha Chauhan. " Graphical structure of ’
extended -metric spaces: an application to the
transverse oscillations of a homogeneous bar
", International Journal of Nonlinear Sciences
and Numerical Simulation, 2021
Publication

Yoshida, N.. "Linearity and bisimulation", <1

. : : %
Journal of Logic and Algebraic Programming,
200707
Publication

m Ana Paula, S. Dias, lan Stewart. "Hopf <1

bifurcation on a simple cubic lattice",
Dynamics and Stability of Systems, 1999
Publication
Moody, F. J.. "Shock Reflection at Interface of <1
o . %
Bubbly Liquid", Volume 4 Fluid-Structure
Interaction, 2008.
Publication

m Samina Batul, Faisar Mehmood, Azhar 1

<l%

Hussain, Reny George, Muhammad Sohail
Ashraf. "Some results for multivalued
mappings in extended fuzzy $ b $-metric
spaces", AIMS Mathematics, 2022

Publication




Serfozo. "Markov Chains", Probability and Its <1 %
Applications, 2009 °

Publication

Exclude quotes On Exclude matches < 5 words

Exclude bibliography On



